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We present an exploratory study for the nonperturbative determination of the coefficient of the 0(a) improve- 
ment term to the Wilson action, csw. Following the work by Liischer et al, we impose the PCAC relation as 
a nonperturbative improvement condition on csw, without, however, using the Schrodinger functional in our 
calculation. 



1. INTRODUCTION 

Much progress has been made in recent years 
in lattice QCD with the help of improved actions. 
With better numerical tests, we also need better 
determinations of the coefficients of the improve- 
ment terms. We concentrate here on 0(a) im- 
provement for the fermion action, and start with 
the Sheikholeslami-Wohlert action fllfl, 
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where and A L are discretizations of the co- 
variant derivative and the laplacian, and F^ v is 
the cloverleaf approximation to the operator. 
At tree-level, csw = 1 0- With tadpole improve- 
ment, 
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The one-loop correction is also known 
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where uq is defined from the plaquette, uq = 
(tr£/n). Finally, a recent nonperturbative deter- 
mination H parametrizes the improvement coef- 
ficient as: 



csw 



1 - 0.656c/g - 0.152. g 4 - 0.054 5 g 
1 - 0.922.g§ 



(4) 



2.0 



CD 

o 




5.5 



6.0 



6.5 



P 



Figure 1. csw i n comparison. □: one-loop result 
of Eq. (§, with q* ~ 1/ a and ay as determined 
from the plaquette [Q]; the error bars correspond 
to ±ay. -: nonperturbative csw from Ref. jjj; 
the error band is taken as ±2 % at j3 = 6.8 and 
±5 % at P = 6.0. 

for (3 = 6/gQ > 6.0. This result has an unknown 
0(a) error, which contributes an error of 0(a 2 ) 
to the action. It is therefore interesting to find al- 
ternative nonperturbative determinations of csw 
to explore this uncertainty further. 

Fig. [I] shows a comparison between the one- 
loop and the nonperturbative results for Csw as 
a function of (3. The comparison shows that the 
perturbative and nonperturbative results for csw 
are in reasonable agreement, once the uncertain- 
ties are taken into account. 
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2. THE PCAC RELATION 

The continuum PCAC relation, d^A fJi (x) = 
2mP(x), is modified on the lattice, due to lat- 
tice spacing artifacts. With 0(a) improvement, 
the axial current is 



A'Jx) = A^x) + c A d^P(x) + 0(a 2 ) 



(5) 



where the improvement coefficient ca also needs 
to be determined. The PCAC relation then is 

d,(Al(x)U(0))=2m{P(x)n(0))+O(a 2 ) , (6) 

This equation is valid for any (pion) operator, 
and can be used to find conditions that deter- 
mine csw and ca, for example, by varying the If 
operators, or the euclidean time dependence, or 
the boundary conditions. 

The Schrodinger functional in Ref. || provides 
a nice condition for csw- I n this case, the bound- 
ary conditions induce a color background field, 
so that the vertex, tpcr^F^ip, is sensitive to the 
boundary conditions. We want to explore Eq. (^) 
without using the Schrodinger functional in our 
numerical calculation, to make use of existing lat- 
tices and shed light on the 0(a) error associated 
with nonperturbative determinations of csw- 

An alternative to the Schrodinger functional 
boundary conditions is the momentum depen- 
dence of the two-point functions in Eq. (||) . This 
can be seen as follows. The operator ipp 2 ip is 
redundant at order 0{a) B, and can be written 
as 



(7) 



In the lattice action the first term is the Wil- 
son term (a discretized laplacian) and the omis- 
sion of the second term from the Wilson action 
gives rise to the well known 0(a) errors. In the 
Shcikholeslami-Wohlert action the second term is 
added to the lattice action, however, the op- 
erator is discretized using plaquettes arranged in 
a "clover-leaf". Thus, the second term acquires 
a coefficient, csw, which is a function of a s (and 
mo). Going to Fourier space, the momentum de- 
pendence is then sensitive to csw- Thus, we can 
use operators with different momenta, TL(p) (or 
by translational invariance, d^A^{p)), in Eq. @ 
to determine csw- 



Following Ref. we write Eq. (||) as 

1 df A ^t)+c A d 2 fp(t) 
m{t) = - j-^r = r(t)+c A s(t)(8) 

with 

f A .(t) = (A,(t) n(Q)) , f P (t) = (P(t)U(0)) .(9) 

Defining m! (t) using a different operator II', it 
follows from Eq. (0) that to — to' = 0(a 2 ), if csw 
and ca are tuned to their correct values. In the 
combination 



M(t,t>)=r(t)-s(t)^ r ' [l ' ] 



(10) 



s(i') - s'(i') 

ca drops out. Furthermore S, M = m + 0(a 2 ), 
and AM(t,t') = M(t,t') - M'(t,f) = C(a 2 ), if 
csw is tuned to its correct nonperturbative value. 

3. RESULTS 

The lattices used in this calculation were orig- 
inally generated for a different purpose. They 
were chosen for this exploratory study for calcula- 
tional convenience. In particular, we have lattices 
with only two values of the improvement coeffi- 
cient, csw = (Wilson case) and csw ~ V M o- 
At S3 = 5.5 (8 3 x 16) we have 500 (quenched) con- 
figurations with one quark mass per csw value. 
At P = 5.9 (16 3 x32) we have 350 (quenched) con- 
figurations at csw = 1-50 only, but for a range of 
quark masses. 

Fig. |^ shows a comparison of the time depen- 
dence of AM for two different values of csw at 
(3 = 5.5. It appears that AM is different for the 
two values of csw and that AM is closer to zero 
for csw = 1-69. On both lattices, the quark mass 
roughly corresponds to the strange quark mass, 
k ~ Kj S . This large quark mass was chosen, be- 
cause at smaller quark masses the (3 = 5.5 lattices 
suffer from an increasing number of exceptional 
configurations ||. 

We study the quark mass dependence of AM 
at (3 = 5.9, as shown in Fig. ||. We find that the 
mass dependence is smaller than our statistical 
errors, consistent with previous results The 
errors increase with decreasing quark mass. Fi- 
nally, Fig. H shows our result for AM versus csw 
&t/3 = 5.5. 
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Figure 2. AM(t,t' = 3) vs & t at = 5.5. blue o: 
csw = and k = 0.169, green □: csw = 1-69 and 
k = 0.1423. The squares are offset for readability. 




Figure 4. AM vs. csw at j3 — 5.5. At csw 
k = 0.169 and at c S w = 1.69 k = 0.1423. 
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Figure 3. AM vs. aM at /3 = 5.9, 
csw = 1-50, and (from right to left) k = 
0.1382, 0.1385, 0.1388, 0.1391, 0.1394. 



In conclusion, we showed that the momentum 
dependence appears to be a sensitive tool to de- 
termine csw nonperturbatively. AM is inde- 
pendent of the light-quark mass, albeit within 
large statistical errors. Our results indicate that 
the nonperturbative value for csw is larger than 
that suggested by tadpole improvement (with the 
plaquette), csw > l/ u o- This is, of course, 
consistent with the nonperturbative determina- 
tions of csw based on the Schrodinger functional. 
Clearly, more work must be done in order to use 
our method for a quantitative, nonperturbative 
determination of csw- 
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